A class of graphs, called cage-amalgamation graphs, that is contained in weakly modular and fiber-complemented graphs and contains median and chordal graphs, is introduced and characterized in several ways. A variation of the Hamming polynomial is also introduced and used in obtaining two tree-like equalities for these graphs, that were previously known for both chordal and median graphs. The first equality is i≥0 (−1) i ρ i (G) = 1, where ρ i (G) is the number of i-regular Hamming subgraphs in a cage-amalgamation graph G.
Introduction
Several generalizations of the well-known class of median graphs have been studied so far. Quasimedian graphs were introduced by Mulder by generalizing the concept of medians of triples (in median graphs) to pseudo-medians of triples [13] . Similar, but locally oriented condition, yields the class of weakly median graphs, as introduced by Bandelt and Chepoi [1] . Another natural class are fiber-complemented graphs, defined by a condition on the gate function in graphs [8] .
All these median-like classes have at least one characterization which is of common nature and states that they are precisely the graphs that can be obtained by a sequence of gated amalgamations from Cartesian products of the graphs that belong to a certain small subclass of this class [1, 2, 8] . This subclass naturally consists of those graphs from the class that are not decomposable with respect to Cartesian product operation nor can be realized as nontrivial gated amalgams of two graphs; we call them prime graphs of the class. It was proposed in [4] to study median-like classes through the properties of their prime graphs. In particular, classes of fiber-complemented graphs that are closed for gated subgraphs, gated amalgamations and Cartesian products were studied and called GACI-type classes of graphs [4] . Such classes are for instance median graphs (with only K 2 as the prime graph), quasi-median graphs (prime graphs are all complete graphs [2] ), weakly median graphs (see [1] for a quite long list of prime graphs), and fiber-complemented graphs themselves (their prime graphs can be characterized as the graphs whose only gated subgraphs are singletons [7, 8] ). In this paper we give a closer look at the GACI-type class whose prime constituents are all connected, chordal graphs without cut-vertices. We call this class the cage-amalgamation graphs, where cage in the name stands for the Cartesian product of arbitrary (connected, cut-vertex-free) chordal graphs. By definition these graphs are obtainable from cages by a sequence of gated amalgamations. They form a natural common generalization of chordal and median graphs. In particular, it is easy to see that triangle-free cageamalgamation graphs are precisely median graphs, and square-free cage-amalgamation graphs are precisely chordal graphs.
In the next section we fix the notation and state some preliminary results. In Section 3 we prove our main results, that is several characterizations of cage-amalgamation graphs, in which we use operations of expansion and peripheral amalgamation, as well as U ab -sets and the gate function. In Section 4 we introduce a variation of the Hamming polynomial of a graph, and prove some general properties of this polynomial. Then we consider the Hamming polynomial in cage-amalgamation graphs, and infer two tree-like equalities that generalize previously known equalities in both median graphs and chordal graphs.
Preliminaries
In this paper we consider finite, undirected graphs.
For instance, it is easy to see that a shortest odd cycle in a graph is isometric. The interval I(u, v) is the set of vertices that lie on shortest paths between u and v, that is
Convexity can be strengthened as follows. A subset of vertices S ⊆ V (G) is called gated in G if for every x ∈ V (G) there exists a vertex u in S such that u ∈ I(x, v) for all v ∈ S. If for some x such a vertex u in S exists, it is unique, and it is called the gate of x in S, and denoted by p S (x). By abuse of language subgraphs induced by gated sets will be called gated subgraphs.
The Cartesian product G H of graphs G and H is the graph with the vertex set V (G)×V (H) in which vertices (g, h) and (g , h ) are adjacent whenever gg ∈ E(G) and h = h , or g = g and hh ∈ E(H). A very useful metric property of the Cartesian product is that
: g ∈ V (G)}, thus it induces a subgraph isomorphic to G. Similarly we define H-fibers and, more generally, fibers in Cartesian products with more factors. The Cartesian product is associative and commutative and K 1 is its unit; see [10] for more on graph products. Finally, recall that Cartesian products of complete graphs are called Hamming graphs.
A graph satisfies the triangle property if, for any edge vw and any vertex u with d (v, u) Clearly a convex (and thus also any gated) subgraph of a weakly modular graph is also weakly modular.
A cover C of a graph G is a set of induced subgraphs
We say that a cover C is proper, if every induced Hamming subgraph of G is contained in at least one of the graphs of C (in particular, every edge is contained in one of the graphs of C). A graph G is said to be the (gated) amalgam of G and G if {G , G } is a proper cover of G and G , G are both gated subgraphs of G. Note that G ∩ G is also a gated subgraph and we will say that G is obtained by an amalgamation along the common gated subgraph G 0 = G ∩ G of G and G . It is easy to see that if H is a gated subgraph of G then H is gated also in G.
Let G be a connected graph, and let {G 1 , . . . G k } be a proper cover of G, each G i is gated in G, and An expansion of G with respect to H in which the proper cover is of the form {G, G 0 , . . . , G 0 } (that is, one subgraph of the cover is G and all the others are copies of G 0 ) is called peripheral expansion of G over G 0 with respect to H. Note that peripheral expansion can be interpreted also as the gated amalgamation of G and G 0 H along G 0 . Peripheral expansion was introduced by Mulder in [14] , where it was used for characterization of median graphs. This idea was further generalized in [4] .
Prefiber graphs were introduced (under the name elementary graphs) by Chastand [8] as the graphs, in which the only proper gated subsets are singletons, see also [7] . It turns out that prime graphs of fiber-complemented graphs are precisely prefiber graphs [7, 8] . In addition, Chastand proved the characterization of fiber-complemented graphs as the graphs that can be obtained by a sequence of gated expansions from K 1 where each step is performed with respect to a prefiber graph. The main result of [4] implies that such a characterization holds for any class of fiber-complemented graphs that is closed for Cartesian products, gated subgraphs and gated amalgamations (where prefiber graphs are to be replaced by prefiber graphs from the corresponding class).
The neighborhood of a vertex v is a set of vertices
We will use the same notation for subgraphs induced by (closed) neighborhoods. The wheel W k is a graph obtained by connecting a single vertex (the central vertex) to all vertices of the k-cycle; W − k is the graph obtained from W k by deleting an edge between the central vertex and a vertex of the k-cycle. We will also refer the reader to premedian graphs, as defined by Chastand [8] . They are defined as weakly modular graphs without K 2,3 and W − 4 as an induced subgraph, and it was shown in [8] that they are fiber-complemented graphs.
A graph is a chordal graph if it has no induced cycles of length greater than 3. It is well known and easy to see that median and chordal graphs are both weakly modular graphs. For more results and properties of median graphs and chordal graphs we refer the reader to excellent surveys [11, 3] , respectively.
Cage-amalgamation graphs
The definition of new class is preceded by introduction of another new concept. Let G be a graph. A C -block in G is a maximal connected, chordal induced subgraph without a cut-vertex. That is, C is a C -block in G if C is an induced subgraph that is connected, chordal and has no cut-vertices, and for any set S of vertices in G \ C , V (C) ∪ S induces a subgraph that is not chordal or not connected or it has a cut-vertex. Similarly, a connected, chordal graph without a cut-vertex is called a C -block graph, while the Cartesian product of arbitrary C -block graphs is called a cage. A graph G is cage-amalgamation if it can be obtained by a sequence of gated amalgamations from cages.
In Fig. 1 three cages are depicted, namely the cube, the Hamming graph K 3 K 2 K 2 , and the product of K 2 and a chordal graph with 4 triangles. In Fig. 2 two cage-amalgamation graphs are depicted.
The following observation is not hard to see, and will be used several times in what follows. In [4] it was proven that every class of finite fiber-complemented graphs that is closed for gated amalgamations, Cartesian products and gated subgraphs enjoys a characterization as the graphs that can be obtained by a sequence of peripheral expansions from K 1 with respect to prefiber graphs from this class [4] . As will be clear in due course, cage-amalgamation graphs are fibercomplemented, which combined with Lemma 3.1 implies that they enjoy such a characterization (see (iv) of Theorem 3.5).
The following sets of vertices are often defined in the context of median-like graphs. For a graph G and ab ∈ E(G), Next we prove the triangle property.
Since M is chordal, it is weakly modular, thus there is a common neighbor x in M of vertices v and w such that
To prove the quadrangle property, let u, v, w, z be vertices of
that z is a common neighbor of nonadjacent vertices v and w. Assume that these vertices violate the quadrangle property, where, in addition, k ≥ 2 is as small as possible. Let y be a neighbor of u and y ∈ I(u, w). Now we can derive that also edges aw and bc cannot exist. If we allow one or both edges, we obtain one of the following forbidden induced subgraphs: W − 6 (if we allow aw), W − 5 (if we allow bc) or W 5 (if we allow both aw and bc). Hence the subgraph H is induced in G (see Fig. 3 where H is depicted on the left-hand side).
By the triangle property we obtain the following two vertices: The relation ∼ (as defined in [17] , yet in a different context appeared already in [9] ) is closely related to sets U ab and W ab . Edges xy, ab ∈ E(G) are in relation ∼ if x ∈ U ab and y ∈ U ba . The relation is reflexive and symmetric, but not always transitive (for instance in K 2,3 ). For a proficient reader in the field it might be interesting to remark that in bipartite graphs the relation ∼ coincides with the well-known Djoković-Winkler relation Θ, but they are no longer the same in nonbipartite graphs. Also, it is easy to see that if ∼ is an equivalence relation then the following implication holds for any ab, xy ∈ E(G):
Lemma 3.3. Let G be a cage-amalgamation graph. Then ∼ is an equivalence relation and sets U ab are convex for every ab ∈ E(G).
Proof. Let G be a cage-amalgamation graph. The proof is by induction on the number of gated amalgamation steps by which G is obtained from Cartesian products of C -block graphs. Clearly for the basis of induction we must prove that the statement holds in Cartesian products of C -block graphs. We start with a product of one factor, that is, with a C -block graph. It is easily seen that in this case 
By reversing the roles of a and b we get From the above observation and transitivity of ∼ in both H 1 and H 2 , the transitivity of ∼ in G follows. Indeed, let ab, xy and uv be edges in G with ab ∼ xy and xy ∼ uv, and suppose ab and xy are not both in the same H i (but ab and uv both lie in, say, H 1 ). Then we consider the edge x y , where x (resp. y ) is the gate for x (resp. y) in H 1 . Hence ab ∼ x y and x y ∼ uv (also with respect to G since H 1 is gated in G), and by transitivity of ∼ in H 1 we infer that ab ∼ uv. In a similar way one can easily check the other cases with respect to the position of edges ab, xy and uv.
Since ∼ is transitive in G, U ab and U xy denote the same set of vertices whenever xy ∼ ab. Suppose xy and ab are edges in relation ∼ that lie in different H i . Let x = p H 2 (x), y = p H 2 (y). Then by the above x y is an edge in H 1 ∩ H 2 and U x y is an amalgam of U ab with respect to H 1 , and U xy with respect to H 2 (notation chosen without loss of generality). As H i are gated, any shortest path between x ∈ U x y from H 1 and a ∈ U x y from H 2 , passes a vertex w from H 1 ∩ H 2 which is also in U ab (by convexity of H i ), and from w all shortest paths to a are also in U x y . Thus U x y = U ab is convex in G.
Note that in the above proof we used the fact that G is cage-amalgamation graph only when proving the basis of induction where we considered C -block graphs (the only prefiber graphs from the class). Hence by following the lines of the above proof, one can prove the following more general result. Everything is prepared for the proof of our main result.
Corollary 3.4. Let G be a GACI-type class of graphs (a class of fiber-complemented graphs that is closed for Cartesian products, gated subgraphs and gated amalgamations) and let

Theorem 3.5. Let G be a finite connected graph. Then the following assertions are equivalent: (i) G is a cage-amalgamation graph, (ii) Every C -block is gated in G and every set U ab is convex, (iii) G can be obtained from K 1 by a sequence of gated expansions with respect to C -block graphs, (iv) G can be obtained from K 1 by a sequence of peripheral expansions with respect to C -block graphs.
Proof. (i) ⇒ (ii). Let G be a cage-amalgamation graph. Then by Lemma 3.3 every set U ab is convex. To prove that every C -block is gated in G we use induction on the number of amalgamation steps. If G is a Cartesian product of C -block graphs, the claim is true since C -blocks in G are precisely fibers which are clearly gated. Now, suppose G is an amalgam of G and
Suppose without loss of generality
Suppose there is a vertex z ∈ V (G 0 ∩ M), adjacent to y. Let P be an induced path in M between vertices x and z that does not contain y (it exists, since M has no cut-vertices). If P is of length 1, we obtain a contradiction to G being gated in G. Otherwise P together with y forms a cycle C n , n ≥ 4. Since M is chordal and P is an induced path between x and z, every vertex on P is adjacent to y. Then there exist adjacent vertices s and t on P such that s ∈ G 0 and t ∈ G − G 0 which again implies a contradiction to gatedness of G . Thus G 0 ∩ M = K 1 and therefore (since M has no cut-vertices) M ⊆ G . By reversing the roles of G and G we finally obtain that either M ⊆ G or M ⊆ G , where M is gated by induction hypothesis, and thus M is gated also in G.
(ii) ⇒ (iii). Suppose that G is a graph in which every C -block is gated and every set U ab is convex.
Hence by Lemma 3.2, G is a weakly modular graph that does not contain either K 2,3 , W k , and W − k , k ≥ 4, as induced subgraphs. Thus G is a premedian graph, and this in turn implies that G is a fibercomplemented graph. Therefore G can be obtained by a sequence of gated expansions from K 1 with respect to prefiber graph from the class. We claim that prefiber graphs of K 2,3 -, W k -, and W It is easy to see that C -block graphs are weakly modular and prefiber graphs, and clearly they are K 2,3 -, W k -, and W − k -free, for k ≥ 4. Suppose to the contrary that G is a nontrivial (i.e. different from
is a C -block graph and G is not, which is a contradiction with G being a prefiber graph. If G does not contain any triangle, then it does not contain any odd cycles at all. Indeed, if G contains odd cycles of length greater than 3, then a shortest cycle C among them is isometric. Applying the triangle property on C yields a triangle, a contradiction. Thus G is bipartite in this case, and all its edges yield gated subgraphs. Since G is not K 2 , it contains proper gated subgraphs which is a contradiction again. Hence C -block graphs are the only prefiber graphs in this class and thus G can be obtained by the sequence of gated expansions from K 1 with respect to C -block graphs. 
both cage-amalgamation graphs (using Lemma 3.1 again) we infer that G * is also a cage-amalgamation graph.
(i) ⇔ (iv). It is clear that C -block graphs are fiber-complemented. Hence cage-amalgamation graphs are fiber-complemented and GACI-type class. Thus by the main result from [4] they can be obtained by peripheral expansions with respect to their prefiber graphs which are exactly C -block graphs. The reverse implication is trivial.
A peripheral expansion of a graph G over G 0 with respect to H yields a graph G * such that G * \ G is isomorphic to (H − v) G 0 (the latter is called a peripheral subgraph in G * ). Clearly any cage-amalgamation graph has (at least one) peripheral subgraph. For an illustration, all peripheral subgraphs of the cage-amalgamation graph in Fig. 4 are rounded by dotted curves. A peripheral expansion procedure for this graph ends by adequately adding one of these subgraphs.
We believe that the converse of Lemma 3.2 is also true, but we were not able to prove it. Thus we pose it as follows.
Conjecture 3.6. A graph is cage-amalgamation if and only if it is weakly modular and does not contain
If the above conjecture is true, it might be useful in designing a polynomial algorithm for recognition of cage-amalgamation graphs. Anyway, it might be possible to construct an efficient recognition algorithm for cage-amalgamation graphs already from the present results. We leave this as another open problem. 
Hamming polynomial and tree-like equalities
For finite graphs G, r(G, x) is a polynomial and we call it the Hamming polynomial of G. It can be derived from the Hamming polynomial as defined in [5] by appropriately merging all variables to one and summing the corresponding coefficients.
For instance, if T is a tree on n vertices, then r(T , x) = (n−1)x+n. Note also that r(Q n , x) = (x+2)
, and that ρ k (G) = 
Corollary 4.2. If G is a gated amalgam of G 1 and G
Observe that an induced k-regular subgraph of a Cartesian product G H is uniquely representable as A B, where A is an induced i-regular subgraph of G and B an induced (k − i)-regular subgraph of H. Hence, for every k ≥ 0,
From here we easily conclude:
Proposition 4.3. For any graphs G and H, r(G H, x) = r(G, x)r(H, x).
Combining Corollary 4.2 and Proposition 4.3, and recalling the fact that G * is a peripheral expansion of G along G 0 with respect to H exactly when G * is a gated amalgam of G and H G 0 along G 0 we derive the following result. 
In what follows, we concentrate on the Hamming polynomial of cage-amalgamation graphs. Note that the main building stones for the construction of cage-amalgamation graphs are the C -block graphs (i.e. connected, chordal graphs with no cut-vertices), hence we first focus on this case. 
If in addition G has no cut-vertices then
, and so r (K n , −1) = 1.
We proceed by induction on the order of a chordal graph G. Let a be a simplicial vertex of G, and Note that the second part of the above lemma does not hold for chordal graphs with cut-vertices.
In particular if T is a tree with m edges then r (T , x) = m. More generally, by using the amalgamation formula as many times as necessary, one easily derives that r (G, 
The first formula generalizes |V (G)| − |E(G)| = 1 relation for trees. Both formulae were obtained by McKee [12] , where ρ i (G) denotes the number of i-cliques in a chordal graph. In chordal graphs i-regular Hamming subgraphs coincide with i-cliques, while in median graphs they are precisely i-cubes. The same two relations were proved for median graphs by Soltan and Chepoi [16] , and independently by Škrekovski [15] , where d(G) stands for the isometric dimension of a median graph (that is the dimension of the smallest hypercube into which G can be isometrically embedded).
We now present a common generalization of relations (1) and (2) to an arbitrary cageamalgamation graph. By d(G) we denote the isometric dimension of a cage-amalgamation graph which is the smallest number of factors in a Cartesian product of C -block graphs into which G can be isometrically embedded. Alternatively, this is the minimum number of peripheral expansion steps by which the cage-amalgamation graph G can be obtained from K 1 . 
from which the second equality readily follows.
